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AbstracGThe M-Layer program developed by NOSC has 
been substantially revised into a Naval Postgraduate School 
(NPS) version. The mode locating algorithm was re-written to 
take advantage of I d  analyticity of the mode function. The 
exponential complex number representation was adopted to 
simplify multiplication and to improve accuracy when adding 
two complex numbers which nearly cancel each other. A 
consistency condition was formulated to assure accurate and 
efficient evaluation of the height-gain function. As a result, this 
NPS version executes faster with greater stability. 
I. INTRODUCTION 
M-Layer is a FORTRAN program for computing the over- 
the-horizon propagation factor of an electromagnetic (EM) 
wave in a stratified atmosphere when ducting is present. It 
was developed and has been maintained by NOSC. The 
program is based on the classical earth-flattening approxima- 
tion [l] which allows the cylindrical coordinate system to be 
used above a flat earth while retaining the effects of the 
curvature of the earth when the modified index of refraction 
replaces the index of refraction of the air. The atmospheric 
modified index of refraction profile is approximated with a 
sequence of continuous, piecewise linear layers. The problem 
is then formulated as one of outward wave propagation in the 
horizontal plane supported by a multi-layer dielectric wave- 
guide of which the guide wavenumbers and mode wave 
functions are to be found. Descriptions of the theoretical 
formulation of an earlier version of this program limited to a 
three-layer approximation to the refractive index profile of the 
atmosphere, fogether with some comments, can be found in 
[2]. A recent effort to document the program as it has evolved 
over the years was completed at the Naval Postgraduate 
School ( N P S ) .  As a result of that study, several recommenda- 
tions were made to improve the accuracy and execution speed 
of this program [3]. Following up with those recommenda- 
tions led to this substantial revision of the program which 
becomes the NPS version of M-Layer. 
Manuscript received June 1, 1992, revised Septeniber 4,1992. This work 
is sponsored by the Naval Postgraduate School and the RDTBrE Division. 
Naval Command. Control and Ocean Surveillance Center (NRaD), formerly 
the Naval Ocean Systems Center (NOSC), under work requests N66001-91- 
WR-00313 and N66001-92-WR-B0040. 
11. THEORETICAL BACKGROUND 
Trapping of EM waves in the modes supported 
is the dominating factor in over-the-horizon p 
Layer searches for these mode 
the Hertz vector. Following Fre 
the EM fields can be written 
(p, $, z), as a sum of contributi 
NP~Z) = - n j z  Hf)(PmP)gm(zagm(z) (1) 
m 
the height of the transmitter above the ground. 
Hankel function of the second kind which 
heights equals unity when either an electric or a 
dipole source is used. It satisfies the equation: 
where k is the free space 
modified index of refraction. 
continuous and piecewise lin 
In the i-th layer, the height-gain function is: 
g,(z)=~,(P~s[C~P3Ai(-q,~~) +W(- 
where Ai is the Airy function, (I& is a di 
function of height z, with k, p,, mi, &i as p 
For z > z ~ + ~ ,  d ( z )  is extended continuous1 
constant slope commensurate with the effectiv 
earth. This slope equals 2.36x10-' (m-') for 
effective earth radius model. The height-gain 
again given by (4) for z > z~+~. with the constan 
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e'4"'3 to represent an upward-going wave as z becomes large. 
Beneath the "flattened" earth surface where z < z1 = 0, the 
Hertz vector is represented by a downward propagating plane 
wave. Here d ( z )  is deduced from the dielectric constant and 
the conductivity of sea water, which are set to 80.8869 and 
4.64 (Si/m) respectively. 
The conditions that the tangential components of the 
electric and magnetic fields are continuous across the layer 
boundaries determine the coefficients Ci. Starting from the top 
layer down, or "integration-down" [3], every Ci is uniquely 
determined by Ci+l at z = z ~ + ~ .  Thus a set of all Ci coeffi- 
cients is determined without considering the boundary 
conditions at z = zl. On the other hand, starting from the 
lowest boundary at z = z1 up to z = zI, or "integration-up," a 
second set of Ci coefficients is determined without applying 
the boundary conditions at z = z I + ~ .  That these two sets of Ci 
coefficients are identical is a manifestation that p, is the 
guide wavenumber of a mode. Mathematically, this consisten- 
cy condition, sometimes called the guidance condition [4], can 
be expressed as the vanishing of a determinant D called the 
mode function [5]. The elements of this determinant consist 
of linear combinations of the Airy functions in (4) and their 
derivatives with respect to height at the layer boundaries. The 
M-Layer program searches for the zeros of the mode function 
to find the guide wavenumbers. Once a guide wavenumber is 
obtained, the height-gain function of the corresponding mode 
can be computed. Note that the normalization condition on g, 
and the boundary conditions, together with the Ci coefficients, 
determine the Bi coefficients to within an overall sign. This 
sign need not be resolved because only products in the form 
of gm(z)g,(zT) from each mode contribute to the Hertz vector. 
Since the mode function D depends on the guide wave- 
number p, only through the values of qmi at the boundaries 
of the layers, it is more convenient to consider D as a 
function of the variable q defined as the value of qmi at z = 0 
and to search for the zeros of D(q) on the complex q-plane. 
The m-th zero is designated as qm and is called a q-eigen- 
value. p, is then deduced from 4,. In the N P S  version, qm is 
ordered in ascending attenuation rate of the mode, which is 
proportional to the imaginary part of p,. 
111. NPS REVISIONS 
Many improvements have been incorporated into M-Layer 
during this revision [6]. These include the reorganization of 
the common blocks for passing input parameters; the grouping 
of miscellaneous parameter evaluation blocks into subroutines 
removed from the main program; the streamlining of the do- 
loops in conjunction with a revised array structure to reduce 
computational redundancy, especially in calculating the output 
data; and the coding of the double precision algorithm for 
evaluating the Airy function of complex argument to avoid 
using a single precision algorithm for double precision 
computations [7]. More substantial changes made are: the 
elimination of the linear interpolation scheme introduced by 
Morfitt and Shellman [8] and the application of local analytic 
property of the mode function for locating the modes; the 
conversion of the "extended" complex numbers [2] to their 
exponential representation to simplify multiplication, to extend 
numerical precision, and to improve accuracy in addition; and 
the utilization of a consistency checking procedure to improve 
the speed and accuracy for the computation of the height-gain 
function. These major revisions are discussed below. The 
modified refractive index profiles of 20 evaporation ducts 
varying in heights from 2 to 40 meters at 2-meter steps 
prescribed by NOSC [9] are utilized for testing and parameter 
optimization at the frequency of 9.6 GHz. 
A. Mode Locating 
M-Layer searches for modes which have attenuation rates 
below a specified value. At ground ranges many wavelengths 
away, this attenuation rate is proportional to the imaginary 
part of the guide wavenumber p, as can be seen from (1). On 
the upper complex q-plane, the limit on attenuation rate 
imposed on the imaginary part of p can be translated into an 
upper bound on the imaginary part of q which defines a strip 
on the complex q-plane called the search region. This region 
is covered with layers of square meshes whose sides have a 
length equivalent to an attenuation rate of 1/32 dB per km. 
Their edges are aligned and are parallel to the axes. The lower 
edges of the meshes in the lowest layer sit along the real q- 
axis. The meshes in the layer just below the top one contain 
the upper bound of the search region. The top layer provides 
some allowance for numerical inaccuracy. The program tests 
each mesh square for the presence of zeros of the mode 
function D(q). 
To search through all the meshes, the mesh covering of the 
search region is first divided into "contour rectangles" each of 
which spans 160 meshes horizontally and contains all the 
mesh in between. The search commences at the top left comer 
and moves counterclockwise around each "contour rectangle" 
and begins with the one whose left edge is chosen to be the 
q value corresponding to a p value equal to k times the 
minimum of m(z) when trapping is expected to occur based 
on ray-optical argument. After the search oyer the initial 
rectangle is completed, the program goes on to search the 
neighboring "contour rectangle" to the left. If a specified 
number (2 is the default) of consecutive rectangles of decreas- 
ing real q values have been searched without tuming up any 
zero of D(q), the program changes direction and starts to 
search the rectangles to the right of the initial "contour 
rectangle" one by one. After failing to locate any q-eigenvalue 
again over the specified number of rectangles consecutively, 
the program assumes that no more zero of D(q) exists in the 
search region. The mode search is considered complete and 
the procedure is terminated. If the array for storing the q- 
eigenvalues is filled up before the search is completed, the 
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search is terminated with an error message. 
The search for zeros of D(q) makes use of the fact that a 
real valued function changes sign when it crosses a simple 
zero. Since a zero of the complex valued function D(q) is 
where both its real part and imaginary part vanish, a necessary 
condition for a point qm to be a zero is that it is the intersec- 
tion of two curves defined by Im(D(q)) = 0 and 
Re( D(q)) = 0. M-Layer moves along each side of a "contour 
rectangle" while searching for a sign change in Im(D(q)} 
across an edge of a mesh bordering the side of this rectangle 
to determine that a line of Im(D(q)} = 0 has been encoun- 
tered. The search then follows this line into the meshes within 
the "contour rectangle", checking each mesh to see if a curve 
Re{ D(q)) = 0 enters the mesh being inspected. All these steps 
make use only of the assumption that the zeros of D(q) are 
simple. Once both the curve Im{D(q)) = 0 and the curve 
Re(D(q)) = 0 are found to be present within a mesh, the 
locations of their intersection are estimated. An algorithm for 
this estimate is required. 
Morfitt and Shellman [SI introduce into the NOSC version 
a further assumption that the functions Re{D(q)} and 
Im (D(q)) are both bilinear over a mesh, taking the real part 
and the imaginary part of q as separate variables. Based on 
this assumption, they try to estimate the location on the edge 
where the curve Im{D(q)} = 0 leaves a mesh square in order 
to follow this curve. Once a curve Re(D(q)) = 0 is also 
determined to enter the same mesh, this assumption is again 
employed to estimate the location of qm. The reason for 
making the bilinear assumption is that, if a zero of 
Im (D(q)) = 0 happens to fall on a comer of a mesh, the rule 
for sign change becomes inconclusive and a remedy is 
required. It is obvious that information about the locations 
where the curves enter and leave the mesh square is not 
essential. Furthermore, for the 18-m high evaporation duct, 
this scheme causes the search path to loop around four 
contiguous meshes until the search is broken up by the limit 
on the maximum number of meshes to be investigated within 
a "contour reetangle". In the NPS version, the bilinear 
assumption is abandoned. Whenever the real part or the 
imaginary part of D(q) vanishes on a comer of a mesh, the 
phase angle of D(q) is rotated by 2-52. This maneuver 
effectively shifts q by a small amount to resolve the sign 
ambiguity. To estimate the locations of zeros of D(q) within 
a mesh, D(q) is assumed to be well approximated in this mesh 
by its four-term Taylor series expansion. The unshifted values 
of D(q) at the mesh comers determine this cubic polynomial 
uniquely. Cardan's formulas [lo] are used to locate the zeros 
of this polynomial. Only a zero found within the mesh is 
retained These changes eliminate the looping problem. 
B .  Exponential Complex Number Representation ' 
The mode function D(q) is a determinant whose elements 
consist of linear combinations of Airy functions and their 
derivatives. For large, complex values of q, these func 
become exponentially large or small and overflow 
underflow problems are encountered. To ov 
problem in the NOSC version of M-Layer, a com 
is written as a scaled number, which is complex, m 
by a scaling factor which is an integer power of e, th 
natural logarithm. This scaling factor is chosen so 
absolute values of both the real part and the 
the scaled number lie within 8'. A comple 
in this form is called an extended complex num 
cation of two extended complex numbers requires sum 
the two integer exponents in addition to carryin 
regular complex multiplication of the scaled 
Addition of two such numbers is achieved through 
an addition subroutine: the larger scaling factor is fac 
of both addends before they are combined. The scaling 
is adjusted after each addition and after a sequence of 
multiplications to make sure that 
imaginary parts of the scaled num 
desired range. Addition is troublesome w 
to be added nearly cancel each other. Under this situatio 
scaling factors of the two numbers are 
likely that the real part and the imaginary 
their accuracies to different degrees. 
imaginary parts of the addends may be 
their real parts while the real parts are 
opposite signs. Hence the phase angle of the 
substantial error. To remedy such chumstanc 
tion procedure has been devised for the N P S  
ing out the square root of 
factor, the resulting add 
both lying within an ide 
but one is on the inside and the other is on the ou 
Taking out further a phase factor 
addends in their exponential form 
small numbers. Since the Taylor 
exponential function converges rap 
can be used for interpolating the sum to achiev 
accuracy. Note that, having removed the extra p 
x/2, it is actually the difference of the two 
addends which remains to be found. This proced 
ly picks the direction on the complex plane a 
addends are almost opposing each other to c 
cancellation. The resulting sum has a phase 
perpendicular to this chosen direction. 
This higher accuracy for addition in the NPS 
other hand, multiplication of two com 
adding their complex exponents. The 
cations appears to more than offset th 
ing addition accuracy. 
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C .  Consistency Checking 
There are two ways to compute the height-gain function for 
each mode. In the NOSC version of M-Layer, if the attenua- 
tion rate of a mode is less than 0.1 dB, the Ci coefficients are 
determined by "integration-down"; otherwise, "integration-up" 
is carried out. Investigation of the 6 modes of lowest attenua- 
tions for each of the 20 atmospheric profiles reveals that there 
are many modes for which the two sets of Ci coefficients 
resulting from these two methods of computation disagree 
significantly. As better accuracy is achieved by the N P S  
version, regularity starts to surface. The qm value used for 
computing the Ci coefficients is initially estimated through the 
cubic polynomial approximation over a mesh square. By 
applying the Newton-Raphson iteration, the accuracy of q,,, 
can be improved As the relative accuracy of q,,, is improved 
in a few steps up to r 4 0 ,  the ci coefficients of one of the two 
sets always converge toward those of the other set whose 
values remain little changed [6] .  This fact implies that one of 
the two procedures will always lead to the correct height-gain 
function using the initial estimate of qm. Furthermore, even 
when discrepancy exits, the two sets of coefficients always 
agree over either the higher portion or the lower portion of 
the layers. Hence the following procedures are adopted for 
using the initial estimate of q,,, to compute the height-gain 
function: First the Ci coefficients are evaluated through 
"integration-up". As the highest layer is reached, the "integra- 
tion-down'' procedure is used to compute C,. This new C, is 
then compared with that obtained on the way up. If the 
difference in their magnitudes exceeds 0.02 dB or the differ- 
ence in their phases exceeds O.OOlx, the "integration-down" 
procedure is carried out to recompute the Ci coefficients. The 
reason for canying out the "integration-up" procedure first is 
based on the observation that, for most of the cases investigat- 
ed, this procedure is the one which does not require high qm 
accuracy. The criteria for deciding whether the "integration- 
down" procedure must be invoked are also deduced from 
studying all the 120 cases [6]. 
Iv. RESULTS AND CONCLUSIONS 
This NPS revision of M-Layer results in gains in execution 
speed and stability as can be seen from Table I. The computa- 
tion is carried out on an Intel 80486 based PC running at 25 
MHz. The program is compiled with Microsoft FORTRAN 
version 5.0. The limit on attenuation rate is set at 5.1 dB for 
cases with a duct height less than 8 meters, and is set at 2.0 
dB for all other cases. The N P S  version always finds at least 
all the modes obtained by the NOSC version within a shorter 
time. As an indication of execution stability, the time required 
for the NPS version to find the modes increases smoothly 
with the duct height while the NOSC version encounters 
difficulties with the %-meter and the 40-meter cases. Im- 
provement in computation accuracy is harder to quantify, but 
the execution stability is a result of the higher numerical 
accuracy achieved 
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